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Recall that a Hilbert ring (also called a Jacobson ring) is a commutative 
ring in which every prime ideal is an intersection of maximal ideals. Such 
rings were considered by Goldman [4] and Krull [6] to obtain an abstract 
formulation of Hilbert’s Nullstellensatz. They each proved the basic theorem 
that any finitely generated algebra over a Hilbert ring is again a Hilbert 
ring. Krull also proved that every co2mtabZy generated algebra over an 
uncountable field is a Hilbert ring. (This was subsequently generalized 
by Lang [7] and Gilmer [3].) 
We consider here an integral domain R which is a &algebra of a finitely 
generated algebra over a field F, and ask whether R must be a Hilbert ring. 
We prove that if P is a prime ideal of R, with t.d. R/P + rank P = t.d. R, 
then R/P is contained in a finitely generated F-algebra (t.d. = transcendence 
degree over F). Hence P is an intersection of maximals. It follows that if 
t.d. R < 2, then R is Hilbert. If t.d. R > 3 and F is countable, then R 
need not be Hilbert and, indeed, we give a construction showing that R 
contains a non-Hilbert subalgebra. When F is uncountable, Krull’s theorem 
shows that R is Hilbert, regardless of its transcendence degree. (For, R 
has countable dimension as an F-vector space.) We give analogous results 
for algebras over a discrete valuation ring, and, in the Appendix, establish 
when all subalgebras of a finitely generated algebra are finitely generated. 
The author would like to thank his colleague Lance Small for a number 
of constructive conversations, and George Bergman for some illuminating 
comments on the examples. In addition he thanks the referee for pointing 
out the application of Nagata’s work on ideal transforms to the proof of 
Theorem 1. 
1. WELL-BEHAVED PRIMES 
All rings are understood to be commutative integral domains with 1. 
For this section they will in addition be algebras over a field F (of arbitrary 
cardinality). Transcendence degrees (abbreviated t.d.) will be over F if 
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not specified otherwise. “Finitely generated” will be abbreviated f.g. 
Dimension of a ring will be Krull dimension. (V, M) will denote a valuation 
ring V with maximal ideal M. 
Recall that for every prime ideal P of an F-algebra R, t.d. R/P + rank P < 
t.d. R [8, (11.9); 10, Vol. II, p. 111, and if R is f.g. over F then equality 
always holds [lo, Vol. II, p. 1931. Equality can fail for primes of subalgebras. 
Our present concern is with “well-behaved” primes P for which equality 
does hold, and, when this occurs, Theorem 1 will enable us to embed R/P 
in an f.g. algebra. 
THEOREM 1. Let A be an integral domain which is an f.g. F-algebra, 
K its quotient Jield, n = t.d. K. Let (V, M) be a valuation ring (containing F) 
with quotient field K. If t.d. V/M = n - 1 then there is an f.g. F-algebra B 
such that V n A C B !I V. 
Proof. Let D = A n V. Without loss of generality A may be enlarged 
by the adjunction of finitely many elements. Thus, we may assume that D 
has quotient field K and that A is integrally closed [lo, Vol. I, pp. 267-2681. 
Note that the hypothesis on V forces it to be a discrete valuation ring (DVR) 
[IO, Vol. II, p. 901. D is, therefore, a Krull domain, and the essential valuation 
rings of D are a subset of those of A, together with V [5, Theorem 1141. 
(If V is not an essential valuation ring of D, then D = A, and there is nothing 
to prove.) By a theorem of Nagata [8, p. 601 there is an f.g. integrally closed 
F-algebra C with an ideal I, such that D is the I-transform of C. C being 
a Krull domain, it follows that the essential valuation ring V of D has the 
form V = C, for some minimal prime P of C, P 2 I [8, p. 441. Pick y E I-P, 
and let B = C[l/r] C V. Since D is the I-transform of C, D C B, as desired. 
COROLLARY 1. Let R be a subalgebra of the f.g. F-algebra A, Suppose P 
is a (minimal) prime of R, such that t.d. R/P = t.d. R - 1. Then there is an 
f.g. F-algebra B containing R, with a prime Q, such that Q n R = P. 
Proof. We may assume that A is algebraic over R. If not, replace A 
by A/I, where I is a prime of A maximal with the property that I n R = (0). 
The new A is algebraic over A. For, letting S = R-(O), A, is a field (by 
the choice of I) which is f.g. over the field R, . Hence, A, must be algebraic 
over R s ; this is one version of the Nullstellensatz. 
Now, there is a valuation ring (V, M) with the same quotient field as 
A, such that M n R = P. In the notation of Theorem 1, we have t.d. 
V/M > t.d. R/P = n - 1. It follows, as noted earlier, that t.d. V/M = 
n - 1. Thus, we may apply Theorem 1, taking B as described there, with 
Q = Mn B. 
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THEOREM 2. Let R be u subalgebra of an f.g. F-algebra A and let P be a 
prime of R such that t.d. R/P + rank P = t.d. R. Then RIP is a subalgebra 
of an f.g. F-algebra. 
Proof. Induction on r = rank P. Since there is nothing to prove when 
Y = 0, assume Y > 0. Take a maximal chain of primes going up to P, 
(0) g PI ,C Pz ,C ... ,C P, = P. Since t.d. R/Pi > t.d. RIP,,, + 1 and 
rank Pi = i, it follows that each Pi inherits the hypothesis on P. In particular, 
we may apply Corollary 1 to obtain an f.g. algebra B with a prime Q such 
that Q n R = PI . Then RIP, c B/Q and 
t.d.((R/P,)/(P/P,)) + rank P/PI = t.d. R - 1 = t.d. R/l’, . 
By induction, R/P E (R/P,)/(P/P,) is a subalgebra of an f.g. F-algebra. 
Remark. The condition t.d. RIP + rank P = t.d. R is insufficient to 
obtain the result of Corollary 1. See Example 2 below. 
COROLLARY 2. With R, P, and A as in Theorem 2, P is an intersection of 
maximal ideals of R. 
Proof. It suffices to recall that the maximal ideals of an f.g. F-algebra 
have residue fields algebraic over F. Consequently, their contractions to a 
subalgebra are still maximal ideals. 
COROLLARY 3. Let R be a subalgebra of an f.g. F-algebra A, with t.d. 
R < 2. Then R is a Hilbert ring. 
Proof. Take a prime ideal P of R. If P is not maximal then R/P is not 
algebraic over F and Corollary 2 applies to P. Thus, R is a Hilbert ring. 
2. EXAMPLES AND GENERALIZATION TO DVR’s 
EXAMPLE 1. A non-Hilbert algebra R which is contained in an f.g. 
algebra of t.d. 3 over a countable field. 
Let F be any countable field. Take t transcendental over F, and V = 
F(t)[[x]], the full power series ring over F(t). I’ is a DVR and M = XV 
is its maximal ideal. Let D be the DVR D = F[t]o, . Since F is countable, 
D is obtainable from F[tJ by adjoining inverses of countably many elements 
of F[tJ, say D = F[t][l/sl , I/s, ,...I. Let y = Cy-, xi/(sl ... si) E V. Let 
A=F[t,y,I/x]andR= VnA,P=MnR.WewillshowthatR/PrD, 
hence R is not a Hilbert ring. 
Note that y E D[[x]]. Thus A _C D[[x]][l/x] and R C D[[x]][l/x] n V = 
D[[x]]. Define f: R + D by mapping Y E R to its constant term (when Y is 
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viewed as a power series in x). Since ker(f) = P it suffices to show thatf is 
surjective. Clearly F[t] _C im( f). Further, y/x = l/s1 + l/s,s, * x + ..* E R 
andf(y/x) = l/s, . Likewise, (s,(y/x) - 1) . l/x = l/s, + l/sass . x + ... E R 
and it maps to I/s, . By repeating this process, we obtain l/s3 , 1 /s4 ,... E im(f). 
Thus, im(f) = D, as desired. 
Remarks. 1. By Corollary 3 above, x, y, and t must be algebraically 
independent over F. It follows that every algebra of t.d. 23 over a countable 
field contains a non-Hilbert subalgebra. 
2. In this example F[t] may be replaced by any Krull domain C not 
a field with only countably many minimal prime ideals (e.g., C = Z, the 
integers). The result is a non-Hilbert C-subalgebra of the polynomial ring 
Ch t %I* 
3. A variant of Example 1 gives a (Hilbert) subalgebra R of an f.g. 
algebra of t.d. 2 over a field K, with a maximal ideal P of R such that R/P 
is not f.g. over K. (Consequently, no f.g. K-algebra containing R has a 
prime contracting to P.) Let F be any field of characteristicp, t transcendental 
over F, K = F(t), K’ the algebraic closure of K, V = K’[[x]], and y = 
CTsl tctxi E V, where ci = p-‘. L(i+1),‘2. Take R = Vn K[y, l/x] and P = 
xI’n R. Then R/P contains a copy of K(tllp, W2, t@,...). This example 
was suggested by an exercise in Bourbaki [2, p. 175, Exercise I]. 
EXAMPLE 2. A (Hilbert) algebra R of t.d. 2 over a field F, which is a 
subalgebra of an f.g. F-algebra, with a prime P such that t.d. R/P + rank P = 
t.d. R, but no f.g. F-algebra containing R has a prime contracting to P. 
F may be any field, x and y algebraically independent over F. Take R = 
F[x, J’, x/y2,..., .z/yi,...], and P the maximal ideal generated by the monomials 
x, y, x/y,.. .) x/y” )... . Then R Z A = F[x, y, l/y] and (0) ,C xA n R $ P. So, 
t.d. RIP I- rank P = 0 + 2 = t.d. R. Let B be any f.g. F-algebra con- 
taining R. Since B is Noetherian, the ideal generated by (~/y~} is in fact 
generated by, say, x/y,..., x/y%, and .z/y”+r = &x/y + ... f b,x/yn, for some 
bi E B. Thus, 1 = b,y” + ... + b,y; i.e., y is a unit in B. Since y E P, 
PB = B, and no ideal of B can contract to P in R. 
The author is indebted to George Bergman for pointing out this example. 
There is an analogous version of Theorem I and its corollaries in which 
the field F is replaced by a discrete valuation ring (D, (n)) with quotient 
field F. We state the results and leave the proofs to the reader. (A generaliza- 
tion of Theorem 3, with proof, will be given in [12].) 
THEOREM 3. Let A be a $nitely generated D-algebra with quotient field K. 
Let (V, M) be a DVR with quotient Jield K, such that V (7 F = D and t.d. 
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V/M (over D/(T)) = t.d. K ( over F). Then there is a D-algebra B such that 
V n A C B 2 V, and B a’s a purely inseparable extension of an f.g. D-algebra. 
COROLLARY 4. Let R be a subalgebra of an f.g. D-algebra with prime 
ideals PC Q of R such that (with t.d. R taken over F, and t.d. of RIP and 
R/Q taken over D/(r)): 
(1) P n D = (m) and t.d. R/P = t.d. R; 
(2) rank Q/P + t.d. R/Q = t.d. RIP. 
Then R/Q is contained in a purely inseparable extension of an f.g. algebra 
over D/(r). 
COROLLARY 5. If R is a subalgebra of an f.g. D-algebra of t.d. <l over D, 
then R/rR is a Hilbert ring. 
When D is countable one can construct a ring R analogous to Example 1, 
such that D[x, y] C R C F[x, y] and R/rR is not a Hilbert ring. 
The last corollary admits a slight further generalization in which D is 
replaced by a Dedekind domain E with quotient field F and R is an E-algebra 
contained in an f.g. F-algebra of t.d. <l. If M is any maximal ideal of E, 
then R/MR is a Hilbert ring. For, letting S = E-M, note that every 
s E S maps to a unit in RIMR. Thus, R/MR g R,IMR, , and Corollary 5 
applies, taking Es for D and R, for R. One notable example of this final 
generalization is when E = Z, the ring of rational integers, and R is a subring 
of the polynomial ring Q[x]. It was to this particular case that the approach 
used in this paper was originally applied, in order to answer a question 
which arose in connection with work of D. Brizolis on Skolem rings. 
APPENDIX: FINITELY GENERATED SUBALGEBRAS 
An earlier version of the proof of Theorem 1 used the fact that every 
subalgebra of a finitely generated algebra of transcendence degree 1 over 
a field is again finitely generated. This result is of some interest in its own 
right. It is doubtless widely known, though not often mentioned in the 
literature. (One place it can be found is in [l 11.) We present here a generaliza- 
tion of this result to Noetherian integral domains. The proof provides an 
application of the author’s work on Noetherian pairs [9]. 
THEOREM A. Let R be a Noetherian integral domain and T a domain 
which is jinitely generated over R. Every ring between A and T is jinitely 
generated over R if and only if either 
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(1) R is not a jield, and 
(a) the integral closure R’ of R in T is $nitely generated over R; 
(b) T 2 n R’.w, the intersection being taken over the maximal ideals M 
of R’ of rank 32 (replacing the intersection by the quotient field of R’ if 
dim R = 1); 
OY 
(2) R is a field and T has transcendence degree < 1 over R. 
Proof. First the case where R is not a field. Necessity. Clearly condition 
(a) is necessary. The necessity of condition (b) follows from the fact that 
(R, T) must be a Noetherian pair, i.e., all intermediate rings are Noetherian. 
(See [9, Theorems 4 and IO].) 
Sufficiency. Let ‘4 be an arbitrary ring between R and T. We first 
prove the special case in which R is integrally closed in T (i.e., R = R’). 
Since T lies in the quotient field K of R and T is f.g. over R there is a 
“common denominator” d in R, such that TC R[l/d]. Consider the result 
of localizing at maximal ideals M of R. If rank 111 > 2, condition (b) implies 
R_CA_CR,. Localizing throughout with respect to R-M, we have RiM C 
A, C (RIU),,, = R,,,, , hence A, = R, . If rank M = 1 and d 6 M, then 
A C T C R[l/d] C R, . Again we obtain A, = R, . There remain only the 
rank 1 maximals of R which are minimal over (d), say MI ,..., M, (finitely 
many, as R is Noetherian). For each i, R, is a one-dimensional local 
(Noetherian) domain integrally closed in A,Wi .* By the Grell-Krull theorem 
(which follows from [8, (33.1)]), either AMi = RMi or A,< = K. In the 
former case take ai = 1; in the latter, take a, E A such that R,&[aJ = A,Wi . 
(For any m E Mi, m # 0, R,i[l/m] = K = A,, . Write l/m = a/s with 
a E A and s E R-M, , and take a, = a.) Then A = R[a, ,..., a,] since the 
two rings agree when localized at each maximal ideal of R. 
Now drop the assumption that R = R’. By condition (a) we have R’ = 
R[t, ,.a.> tk]. Then A’ = A[t, ,..., t,] is integral over A and R’ _C A’ C T. 
By the preceding paragraph A’ is f.g. over R’, hence f.g. over R. It follows 
by the Artin-Tate lemma [l] that A is f.g. over R, as desired. 
There remains only the case when R is a field. Necessity of the given 
condition again follows from the fact that (R, T) must be a Noetherian 
pair [9, Theorem 41. We now prove sufficiency. Let L be the quotient field 
of T, an f.g. field extension of R. Take A between R and T. If A is algebraic 
over R, then A is a field. Furthermore [A:R] < co because the algebraic 
closure of R in L is a finite extension of R. Thus, we may assume that A 
is not algebraic over R. Taking any a E A transcendental over R, we have 
[L:R(a)] < co. Hence, the integral closure of R[a] in T is f.g. over R[a], 
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since the integral closure of R[u] in L is f.g. Therefore, the proof of case (1) 
applies, with R[u] replacing R. Consequently A is f.g. over R[a], hence f.g. 
over R, completing the proof. 
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